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Liouville type theorem associated with the wave
equation

KATSUNORI SHIMOMURA*

1. Introduction

The well-known Liouville’s theorem states that every conformal mapping in the
n-dimensional Euclidean space (n 2 3) is a similarity or an inversion with respect
to a sphere composed with similarities. The conformal mapping associates with the
Laplace equation in the following sense. Let D, F C R™ be domains, f : D — F a non-
constant C%-mapping, and ¢ a positive C?-function on D. Then the transformation
u— - (uo f) for C?-function u on D preserves the solutions of the Laplace equation
on F if only if f is a conformal mapping.

In this note, we consider a Liouville type theorem associated with the wave equa-
tion and determine transformations which preserve the solutions of the wave equation.
We note that Sugimoto considered this problem in [4] and obtained a partial result.

Let R™*! be the (n+1)-dimensional Euclidean space (n = 2), and denote its point
by x = (x9, 21, ...,%,). We introduce Lorentzian scalar product (-,-) on R™*! defined
by

(z,y) = —woyo + T1y1 + - + TpYn.

Let D ¢ R* E C R* be domains and f = (fo, f1,...,fn) : D — E a Cl-
mapping. The first derivative f’(z) of f at z € D is a linear mapping R"*! — R*
such that

hu) —
oy — i LB = @)

1 o , u€RM
—0

Definition 1.1. Let D,E C R""! be domains. A C'-mapping f : D — F is said
to be Lorentzian conformal if there exists a function A(x) = Af(x) > 0 defined on D
such that

(f'(@)u, f'(z)v) = Az)?(u, v) (1.1)
holds for all x € D and all u,v € R*t1

Received 13 May, 2011; revised 7 June, 2011
2000 Mathematics Subject Classification. 31B99, 35K99, 35A30
Key Words and Phrases. conformal mapping, semi-euclidean, wave equation
*Partially supported by Grant-in-aid for Scientific Research (C) No0.19540161, Japan Society for
the Promotion of Science.
*Ibaraki University, Mito, Ibaraki, 310-8512, Japan. (shimomur@mzx.ibaraki.ac.jp)




52 Katsunori SHIMOMURA

Let
O(1,n) := {R € GL(n + 1,R); (Rx, Ry) = (x,y) for all z,y € R" "'},
Our Liouville type theorem is the following:

Theorem 1.1. Letn =2 and f be a Lorentzian conformal C*-mapping defined on
a domain D C R"T. Then f has one of the following forms :

fla) = R, (0
f(z) =aRB(S(z —a)) + b, (b)
f(z) = aRx + b, (c)
where a > 0, R, S € O(1,n), a,b € R, and
(x,z)+1 (x,z)—1 X9 Tn

B(z) = , , ey .
( ) 2(1’0+£L’1) 2(1’0+£L'1) (E0+£L'1 xo-’-.’ﬂl)

Next we consider the wave equation

2 = 0%

Wu = 2% 30U
Ox2 Ox?
0 j=1""J

=0

on R™! and transformations which preserve the solutions of the wave equation.

Definition 1.2. Let D C R**! be a domain, f : D — R**! a C?-mapping, and ¢
a positive C2-function on D. A pair (f, ) is called a transformation which preserves
the wave equation, if f and ¢ satisfy the following conditions:

(1) f'(x) is non-degenerate for all z € D.

(2) For every solution u of the wave equation on R"*1, ¢ (uo f) satisfies the wave
equation on D.

By Theorem 1.1, we can determine the transformation which preserves the wave
equation.

Theorem 1.2. Letn =2, f be a C*-mapping, and ¢ a positive function defined on
a domain D C R" ™. If (f, ) be a transformation which preserve the wave equation,
then f and ¢ have one of the following forms :

aR(x — a) 1n

flo) = 2R pte) = Clfa - e - ) (0
f(z) = aRB(S(z —a)) +b,  p(z) = C|(v,S(z —a))| =", (b)
f(z) = aRxz + b, p(z) =C, (c)
where a > 0, R, S € O(1,n), a,b € R, and
B(x):(@c,x)—f—l (z,z) — 1 X9 T

2(%‘0-1—371),2(1‘0+$1),I0+l‘1,'“7l‘0+l‘1)’
and v = (—1,1,0,...,0) € R**1,
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2. Lorentzian space and Lorentzian conformal mapping

In the last section, we introduced Lorentzian scalar product. Let J be the (n +
1) x (n+ 1) diagonal matrix such that

J =diag(-1,1,...,1).
Then the Lorentzian scalar product (-,-) is written by the Euclidean scalar product
(.’ .) aS
(z,y) = (J,y) = (z, Jy), w,y € R" (2.1)

The vector space R"*! with this Lorentzian scalar product is called Lorentzian (n+1)-
space, and is denoted by R'™.

Recall that O(1,n) := {R € GL(n + 1,R); (Rz, Ry) = (z,y) for all z,y € R**1}.
O(1,n) is the group of all matrices which preserve the Lorentzian scalar product. It is
clear that R € O(1,n) is equivalent to 'RJR = J. We also remark that R € O(1,n) if
and only if J = RJ'R by taking the inverse.

For a subspace X of R"", the Lorentzian complement of X is defined by

XE={z e R";(z,y) =0,y € X}.
The following Lemmas will be used in section 3.

Lemma 2.1.  For any subspace X of R, Xt = (JX)+ = J(X1) and (XI)L = X
hold, where (-)* denotes the orthogonal complement.

Proof. Since (x,y) = 0 is equivalent to (z,Jy) = 0, * € X is equivalent to = €
(JX)L. Since (z,y) = 0 is also equivalent to (Jx,y) = 0 and J? is equal to the unit
matrix, z € X% is equivalent to z € J(X1). Therefore X = (JX)+ = J(X1) holds.
The latter statement follows from (X)L = J(((JX)Y)*t) = J2X = X. O

Lemma 2.2.  Let X be a subspace of R¥™, a # 0, and R € O(1,n). ThenaR(XL) =
(aRX)T holds.

Proof. x € aR(XT) if and only if (a1 R™1z,y) = 0 for all y € X. Then
(aa 'RR™ 'z, aRy) = (x,aRy) = 0
for all y € X. This means x € (aRX)L. O
The following proposition follows easily from the chain rule.

Proposition 2.1. (1) If f : D — FE and g : E — F are Lorentzian conformal
mappings, then the composition mapping go f : D — F' is also a Lorentzian conformal
mapping, and

Agof () = Ag(f(2))Af(2), 2 €D (2.2)
holds.
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(2) If f : D — E is a Lorentzian conformal mapping, then f has local inverse f=!
at each point of f(D), f=1 is also Lorentzian conformal, and

A (f()) = (2.3)
holds.
In the following, we list fundamental Lorentzian conformal mappings.
Example 2.1 (Lorentzian similarity).  The mapping
f(z)=aRzx+a (¢€R, a>0, ReO(l,n), acR"™)
is a Lorentzian conformal mapping defined on RM™ satisfying Af(z) = a.

Example 2.2 (Lorentzian inversion).  The mapping

is a Lorentzian conformal mapping defined on each connected component of {zx €
R (z,2) # 0}. We call K inversion (mapping). By simple calculation, we have

K1'=K

and

Example 2.3 (Bateman mapping). The mapping

<1:7$> +1 <$,£E> -1 €2 Tn )
2(xo+ 1) 2(o+ 1) o + 11" T wo+ 117

B(x) = (

is a Lorentzian conformal mapping defined on each connected component half space of
{z € RV 29 + 21 # 0}. We call B the mapping of the Bateman transformation. By
easy calculation, we have

B_l(l‘): <$,J)>+17 1—<$,$>7 Z2 . LTn ,
2(33071‘1) 2(:]]07:1}1) o — T1 To — X1
and
1 1
Ap(z) = ——— Apgoi(z)= ——.
5 () |zo + 1] 5-+(2) |z — o1

3. Liouville type theorem for Lorentzian conformal mapping

In this section, we shall prove Theorem 1.1. The former part follows from similar
arguments in the proof of Liouville’s theorem for conformal mapping in [1].
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The second derivative of a C?-mapping f : R**! — RF is a bilinear mapping
f"(z) : RvHL x R+ — R¥ such that

£ ()] = Jim & (7' B — ' ()0).

The third derivative of a C3-mapping f : R"*! — R* is a trilinear mapping f"(z) :
R x R R — R* such that

£7(@) [, v, w] = lim %(f”(x + h) o, w] — (@), w]).

—0

Lemma 3.1.  Let f be a C?*-mapping defined on a domain D C RY™. If f is a
Lorentzian conformal mapping, then for each u,v,w € R\™,

(f"(@) [, o], f(@)w) + (f"(2)[u, w], f'(z)v) = 2A(z)(v, W)X (z)u (3.1)
holds.
Proof. Taking the derivative in u direction of the Lorentzian conformality condition
(1.1)
(f'(@)v, f(2)w) = Na)* (v, w),
we have (3.1). O
Lemma 3.2. Let f be a C?*-mapping defined on a domain D C RY™. If f is a
Lorentzian conformal mapping and (u,v) = (v,w) = (w,u) =0, then
(f"(@)[u, 0], f'(x)w) = 0.

Proof. We put Alu, v, w] = (f"(z)[u,v], ' (z)w) for u,v,w € RL™. Then A satisfies

A, u,w] = Alu, v, w], (3.2)

Alu,v,w] = —Afu, w,v] if (v,w) = 0. (3.3)
In fact (3.2) is clear from the symmetry of the bilinear map f”(x), and (3.3) follows
from Lemma 3.1 immediately.

Since (u,v) = (v,w) = (w,u) = 0, then we have Afu,v,w| = Alv,u,w]

—Av,w,u] = —Alw,v,u] = Alw,u,v] = Alu,w,v] = —A[u,v,w] by (3.2) and (3.3)
Therefore Afu,v,w] = 0. This proves the lemma. O

Lemma 3.3. Let f be a Lorentzian conformal C%-mapping defined on a domain
D C RY™. If X is equal to a constant o on D, then f is a similarity of form f(x) =
aRz + a, with some R € O(1,n) and a € R,

Proof. Since A is constant, (f"(z)[u,v], f'(z)w) + (f"(z)[u,w], f'(z)v) = 0 for all
u,v,w € RM by Lemma 3.1. Then Afu,v,w] = (f"(x)[u,v], f'(r)w) satisfies (3.2)
and

Alu,v,w] = —Alu,w,v]  (u,v,w € RM™). (3.4)
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The same argument as in the proof of Lemma 3.2, A[u, v, w] = 0 follows for all u, v, w €
RY™. Since f/(x) is surjective, f”(x)[u,v] = 0 for all u,v € RY™, and hence f”(x) = 0.
Then a~!f/(x) is a constant matrix R satisfying (Ru, Rv) = (u,v). Therefore R €
O(1,n) and f(z) = aRz + a, where a € R1". O

The following lemma is well-known in linear algebra.

Lemma 3.4.  Let l(u,v) is a symmetric bilinear form on RY™. If l(u,v) = 0 for all
u,v € RY™ with (u,v) = 0, then there exists a constant ¢ € R such that

l(u,v) = c{u,v)  (u,v € RM™).

Lemma 3.5. Let f be a C?-mapping defined on a domain D. If f is a Lorentzian
conformal mapping and (u,v) = 0, then for each x € D,

F(@)[u, 0] = M) TN (@)of (@)u+ M) 7N (@)uf (). (3.5)

Proof.  Assume (u,u) # 0 and (v,v) # 0. If (u,v) =0, then Lemma 3.2 implies that
for any w € (Ru + Rov)’,

(f"(@)[u, ], f'(z)w) = 0.
Hence f”(z)[u,v] € (f'(2)((Ru + Rv)E))E. By Lemma 2.1 and 2.2, we obtain
(f (@) (Ru+Ro)) = f(2)((Ru+Ro)")) = f'(2)(Ru+Ro) = Rf (z)u+Rf'(z)v.
Therefore there exist constants ci, ¢; € R such that
f(@)[u,v] = e f'(@)u+ eo f ().
Applying Lemma 3.1 with w = v, we have
(f" (@), 0], f'(z)v) = A(z) (v, )X (z)u
and

ar(f'(@)u, f(z)) + (e f'(@)v, f/(x)v) = M) {v, v)X (z)u.

Since (v,u) = 0 and f is Lorentzian conformal, we have
c2A(@)* (v, v) = A(@){v, V)N (2)u,

and hence ¢y = \(z) '\ (2)u, because (v,v) # 0. Similarly, we have ¢; = \(z) "IN (z)v.
Then we have (3.5) for all u,v with (u,v) = 0 by continuity. O

Proposition 3.1.  Let f be Lorentzian conformal and put p(x) = 1/X(z). If f is of
C*, then there exists a constant ¢ such that for every u,v € Rb™,

P (@), 0] = elu,v).
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Proof. Let u,v € RY™ satisfy (u,v) = 0, (u,u) # 0 and (v,v) # 0. Then by Proposi-
tion 3.5,

F"(@)[u, 0] = Ma) TN (@)of (z)u + M) TN (@)uf (2)o.
Then we have

p(a) " (@)[u, ] + p'(@)vf (z)u + o (2)uf'(z)v = 0.

Since n = 2, we can take w € RY™ such that (w,w) # 0 and (u,w) = (v,w) = 0.
Taking the derivative in direction w, we have

P (@yw f" (@) [u, v] + p(x) f7 (@)[u, v, w] + p" (2) v, w] ' (2)u (3.6)
+ 0 (@) f" (@) [u, w] + o (@) [u, w] ' (2)v + p' (@)uf" (z) v, w] = 0.

Assume (v, w) = 0 and interchange u and w in the equation. Then

P (@)uf” (@)w, o] + pla) f" (@) [w, v, u] + p" () [v, ul £ (2)w (3.7)
+ 0 (@ f" (@) [w,u] + p" () [w, ul f'(@)v + o' (@)w " (z)[v,u] = 0.

Subtract (3.7) from (3.6). Then we have
P (@) v, wlf' (@)u = p" (@) [v, ul f(2)w = 0,
and hence

P (@)[v, wA(2)* (u, w) — p" ()[v, ulA(2)*(w, w)
= p"(@)[v, wl{f' (@)u, f'(x)w) = p" () [v, u)(f'(2)w, f'(x)w) = 0.
Since (u,w) = 0 and (w,w) # 0, we obtain
p"(ac)[u, U] =0,

for all u,v € RY™ with (u,v) = 0, {(u,u) # 0 and (v,v) # 0. By continuity, we can
drop (u,u) # 0 and (v,v) # 0. By Lemma 3.4,

P (@)[u, v] = c(x){u, v), (3.8)

holds for all u,v € RY™ with some c(z) € R.
To show ¢(z) is constant, take the derivative of (3.8) in direction w. We have

P (x)[u, v, w] = ¢ (x)w(u,v),
and then

(d(x)w)u — (¢ (z)u)w,v) = ¢ (z)wlu,v) — ' (z)u{w,v)

= p”’(x)[u, v, w] - p'"(:r)[w, v, u] =0,
holds for all u,v,w € RY™. That implies

(¢ (@)w)u — (¢ (z)u)w =0,
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and hence

d(z)u=c(x)w=0

for each linearly independent pair of v and w. By continuity, we obtain ¢/(z) = 0.
Thus we have the proposition. O

Proposition 3.2.  Let f be a C*-mapping defined on a domain D. If f is a Lorentzian
conformal mapping, then Af(x) has one of the following forms :

Af(l‘) = @_;:yix_@, with o € R, (0} 7é 0, a < RLn, (39)
A(z) = @;7_@7 witha € R, a #£0, a,d € R™, do =1, (d,d) =0, (3.10)
Ar(z) = a, with a € R, o > 0. (3.11)
Proof. 'We may assume that p(z) is not constant. Since p”(z)[u,v] = c(u,v) with

some constant ¢ € R by Proposition 3.1,

C
p(:C) = §<£L’,IL’> + coxo + -+ Crxy +Cn+1a

where cg,...,ch11 € R. If ¢ # 0, then

a
(x —a,x —a)+ 3’

Af(z) =

where o, 3 € R, a € RY™, with o # 0. If ¢ = 0, then

Ar(@) = ﬁv

where o € R, a,d € R, with o # 0 and dy = 1. We have only to show $ = 0 and
(d,d) = 0.

Since the local inverse f~! is also a Lorentzian conformal mapping, A 71 has the
form

A F—1 - d = )\ —1 - ..L,
! (y) <y - &7 Yy — &> + ﬁ o d (y) <da Yy — d)
where 07,3 € R, a, le RL™, with & # 0 and dy =1 by the same argument. Then
()\f71<f($>))_1 = Af(x) implies that f satisfies one of the following :
- . - 3 (7)) o «
() = f@) = 8) 4+ B = e MO = o e (312)
~ -\ (%)) _ &
<d’f(x)_a>_<m—a,x—a>+/6” )\f(x)_<x—a,:17—a>—|—ﬂ7 (313>
N R ) __«
() = f@) ~ ) + 5= M) = (3.14)

(d, f(z) —a) = do—a) Ap(x) = da—a) (3.15)
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where ag, 8,3 € R, a,d,d,d € RY™ with ag #0,dy = dy = 1.

First we shall prove that the cases of (3.13) and (3.14) does not occur. In fact,
equation (3.13) shows that for each r € R, f maps hypersurfaces S, = {z; {(x — a,z —
a) + 8 = r} intersecting D into hyperplanes P. = {y; (cf,y —a) = ag/r}. Choose
v € R" with (v,v) # 0 such that the line z(t) = tv + a (t € R) intersects D. In
general, x(t) is Lorentz orthogonal to all S, (r € R). Since f is Lorentzian conformal,
the image curve f(x(t)) of the line z(t) is Lorentz orthogonal to all P. (r € R) and
hence f(x(t)) lies in the line sd + o (s € R) with some & € R"™. So there exists a
C*-function s(t) such that f(x(t)) = s(t)d + ¢. Differentiating the both sides of the
equation by ¢, we have

@) = 5 ()d.
Then Lorentzian conformality of f implies

s'(0)*(d,d) = (f'(x(t)v, f'(@(t))v) = Ap(a(t))*(v,0) =

o?(v,v)
({(v,v)t2 + B)?2

and hence

(€3]

s'(t) = ——
()= e

with some a1, 81 € R, ag # 0. On the other hand, substituting f(z(t)) = s(t)d + ©
and z(t) = tv + a into (3.13), we have

s(t)(d,d) + (d, v — a) =

g

(v,0)t2 4+ B’

and hence
/ agt

s'(t) 715
with some as € R, ag # 0. This leads to a contradiction because ay # 0. Therefore,
the case (3.13) does not occur. Interchanging the role of f and f~1, the same argument
shows that the case (3.14) does not occur.

Next we shall show 8 = 0 in (3.12). Assume that 8 # 0. The equation (3.12)
shows that for each r € R, f maps the intersection of D and hypersurfaces S, =
{z;(x — a,z — a) + f = r} into hypersurfaces S, = {y; (y — a,y — a) + g = ag/r}.
Choose v € R"*! with (v,v) # 0 such that the line x(t) = tv +a (t € R) intersects D.
In general, x(¢) is Lorentz orthogonal to all S, (r € R) and f is Lorentzian conformal,
the image curve f(z(t)) of the line x(t) is Lorentz orthogonal to all S, (r € R) and
hence f(z(t)) lies in the line sv + a (s € R) with some © € R1™. So there exists a C%-
function s(t) such that f(z(t)) = s(t)v + a. Differentiating both sides of the equation
by t, we have

P = 5/ (£)5.
Then Lorentzian conformality of f implies

a?(v,v)

s'(1)2(0, D) = Ap(x(t)*(v,v) = 0,002 + B2
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and hence
aq
$(t) = —1

(t) =57 3
where 8; = /(v,v) # 0 and oy is a non-zero constant. Therefore s() is inverse tangent
function or logarithmic function. In any case, s(t) is a transcendental function. On
the other hand, substituting f(x(t)) = s(t)v 4+ a and x(t) = tv + a into (3.12), we have

Qo

s(t)*(5,7) + 3 = COEEY

which shows that s(t) is an algebraic function. This is a contradiction. Therefore
B=0in (3.12).

Finally we shall show (d,d) = 0 in (3.15). Assume that (d,d) # 0. The equation
(3.15) shows that for each r € R, f maps the intersection of D and hyperplanes
P, = {z;{d,x — a) = r} into hyperplanes P, = {y;(d,y — a) = ag/r}. Choose
v € R" such that the line z(t) = td + v (t € R) intersects D. In general, x(t) is
Lorentz orthogonal to all P, (r € R) and f is Lorentzian conformal, the image f(z(t))
of the line z(t) is Lorentz orthogonal to all P. (r € R) and hence f(z(t)) lies in the
line sd + o (s € R) with some & € R"™. So there exists a C*-function s(t) such that
f(z(t)) = s(t)d + v. Differentiating the both sides of the equation by ¢, we have

f(@(t))d = s'(t)d.
Since f is Lorentzian conformal,

{d, d)
((d, d)t + b)*’

s (0*(d,d) = (f'(x(0)d, ['(2(t))d) = As(2(t)*(d,d) =

If (d,d) # 0, this equation implies that (d,d) # 0 and that s(¢) is a logarithm function.
On the other hand, (3.15) implies that s(t) is a rational function

s(t)(d,d) + B =

o
(v, 0)t + B’

where 3 = (d,v—a) and § = (d, 5—a). Thisis a contradiction. Therefore (d,d) = 0. [

Proof of Theorem 1.1. In the following, we shall show that the above cases (3.9),
(3.10) and (3.11) corresponds to the cases (a), (b) and (c¢) of Theorem 1.1.
First we study the case (3.11):

Af(z) =a, a€R, a>0.
By Lemma 3.3, f is equal to a similarity
f(z) = aRz+b, (ReO(l,n), beR"™).

This is the case (c) of Theorem 1.1.
Next we study the case (3.9):

A\(#) = ————~, a€R, a#0, ac R
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If we put g(x) = z — a, then g7 (K(z)) = K(x) + a and

Agog-tor = A (@) + @)A1 (K (0)Arc(a) = s 1 |<:c1x>\

~ o]
which implies that (f o g~ o K)(x) is equal to a similarity
h(z) = aRx +b, (Re€O(1,n), beRH™).
Thus we have (f o g~ o K)(y) = h(y) and
f(x) = (ho K og)(x), €D,

because K ~!(x) = K(x). This is the case (a) of Theorem 1.1.
Finally we study the case (3.10):

o
Ap(2) = —— R, a,d € RM" 0, do =1, (d,d) = 0.
f(.I) <d,l’—a>’ ack, a,ac¢c 7057é , WO a<7>
Since (d,d) = 0 and dy = 1, |(d1,...,d,)| = |do] = 1. There exists a matrix Ry €
O(1,n) such that d = Ryv, where v = (—=1,1,0,...,0). Then (d,z—a) = (Ryv,x—a) =
(v, R7(x — a)) holds. Put S = Ry ' and define the similarity ¢ as g(z) = Ry ' (z — a),
so that (d,z — a) = (v, g(x)). Then
« o o' «

MO @)= G A T T g @) ) mot

Now considering the mapping f o g~ o B~! defined on B(g(D)), we have

Mog=ron-1(y) = Ar(g™ (B™ () Ag—1 (B~ (1)) Ap-1(y)

= |a|7

which implies that (f o g~! o B~1)(y) is equal to a similarity
h(y) = aRy+b, (R € O(1,n), beR"™).
Thus we have (f o g~ o B71)(y) = h(y) and
f(z)=(hoBog)(zx), =€ D.
This is the case (b) of Theorem 1.1. O

4. Transformation which preserves the wave equation

In this section, we shall give the proof of Theorem 1.2.

By definition, it is easy to see that if (f, ¢ ) and (g, ¢,) are transformations which
preserve the wave equation such that the image of f is contained in the domain of g,
then (go f,¢f - (g0 f)) is also a transformation which preserves the wave equation.
We call this transformation (go f, ¢y - (@40 f)) the composition of (f, ) and (g, ).
First, we remark that all the transformations in Theorem 1.2 are the composition of
the following fundamental transformations:
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Example 4.1 (similarity). The pair of a mapping f and a positive constant func-
tion ¢

flx)=aRx+a,  ¢(z)=C,

where « € R, a >0, R € O(1,n), a € R""! is a transformation which preserve the
wave equation.

Example 4.2 (inversion).  The pair of the mapping K and the function ¢

x 1-n

K(z) = px(2) = [(z, )],

is a transformation which preserve the wave equation defined on each connected com-
ponent of {x € R"*1; (z,z) # 0}.

Example 4.3 (Bateman transformation).  The pair of the mapping B and ¢

(x,2) +1 (x,x2)—1 2 T

B‘r = b b y*r )
( ) 2(1‘0+l‘1) 2(1‘0+1‘1) 1‘0+1‘1 £E0+131)

1—n
pp(r) = |zo + 21| 2,

is a transformation which preserve the wave equation defined on each connected com-
ponent half space of {x € R""1; 245+ x1 # 0}. We call this transformation Bateman
transformation.

The following theorem gives a characterization of the transformations which pre-
serve the wave equation.

Theorem 4.1.  ([4]) The pair (f,¢) is a transformation which preserves the wave
equation, if and only if f = (fo, f1,..., fn) and @ satisfy the following equations on D:

Wep =0, (4.1)
e Wfi —2(Ve,Vf;) =0, (j=0,1,...,n) (4.2)
(Vi , Vi) =0, (,k=0,1,...,n, j#k) (4.3)
(V£ Vi) ==(Vfo,Vfo), (j=1....n) (4.4)

0f 9fi 9

-7 i=0,1,...,n.
8370’8l‘1, aaxn)y J n

where V f; = (

Proof. Since [4] is written in Japanese, we write the proof here. For any C?-function
u)

Wip-(uo £)) = (We) - (wo f) 9
+Z(¢'ij —2(Vp, Vf;)) - (gyli of) — Z 0 (Vfi, Vi) (ayajauyk Of)

=0 4,k=0
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holds by the chain rule. Assume that (f, ) is a transformation which preserves the

2
wave equation. First we take the solution v = 1. Since au_ Ou =004,k
dy;  Oy;0yi
n), we have (4.1):
Wy =0. (4.6)
Next take the solution u(y) = y; (0 <1 < n). Since Ou _ i, 827“ =0(0=4,k <
- dy, 9y Oy -
n), we have (4.2):
oW f; —2(Vep, Vf;) = 0. (4.7)
2
Take the solution u(y) = y; (0 £ 4,1 S m, i #1). Since - 0ij0m (0= j,k =
90k
n), we have (4.3):
(Vi Vi)y=0 (0=i,l=n, i#1). (4.8)
0%u  0%u 0%u
Finally take the solution u(y) = y2 +y? (0<j < n). Since — = —5 =2, — =0
W)=+ ( ) oys  Oy; Oy}

(1=i<n,i+#j), we have (4.4):

<Vf0, Vo) + <ij, Vf]> =0. (4.9)

Conversely assume that f and ¢ satisfy (4.1),...,(4.4). Substituting (4.1), (4.2)
and (4.3) into (4.5), we have

Wip-(wo ) == 3091, (55 0 ):
=0 J

Putting A = (V fo, Vfo), (4.4) gives

W(p- (uo f))(x) = —p(x)A(z)(Wu) o f)(z).
This shows that Wu = 0 implies W (p-(uo f)) = 0. Therefore (i, f) is a transformation

which preserve the wave equation. O

Corollary 4.1.  Letn = 2. If (f,¢) is a transformation which preserves the wave
equation defined on D, then f is Lorentzian conformal on D such that \(x)? =

(V o,V fo)-
Proof. Putting A = (V fo, Vo), (4.3) and (4.4) is equivalent to
f'@)d 'f () = Az).J.

Since f is non-degenerate, A # 0. Then 'f’(z)~1Jf (z)~! = A(z)~'J and hence
' (x)Jf'(x) = A(x)J, which is equivalent to (f’(z)u, f'(z)v ) A(z){u,v) for all
u,v € RM™. Since f’(z) is invertible, the quadratic form (f'(x)u, f’'(z)u) has the same
signature as (u,u). Therefore A(x) > 0 for all z € D, because n = 2 > 1. Thus f is
Lorentzian conformal on D. O

Next lemma shows that ¢ is uniquely determined by f except a constant multiple.
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Lemma 4.1.  If (f,¢1) and (f,p2) are two transformation which preserve the wave
equation with same mapping f on a domain. Then o is a constant multiple of ¢1.

Proof. By (4.2), we have
Wt =2(Vlege1,Vf), Wfi=2(Vleges, Vf), (j=0,1,...,n).
and then

<vf]7V1Og%> = <ij7VIOg<)O2 _Vlog<p1> 207 (.] = 0717”-)”)'
1

Hence f'(x) maps the vector V log ﬂ(x) to 0. Since the matrix f’(z) is non-degenerate,
¥1

Vlog ﬁ(96) =0 for all € D. Therefore, 5 is a constant multiple of ;. O
$1
Proof of Theorem 1.2. By Corollary 4.1, f is Lorentzian conformal on D. Then by

Theorem 1.1, f has the form (a), (b), or (c).
Rz —
First, we treat the case (a):f(z) = M +b. Put h(x) = aRx + b and
g(x) =2 —a. Then f(z) = (ho K o g)(z). Since (h,1) and (g, 1) are transformations

which preserve the wave equation, Lemma 4.1 yields that ¢ is a constant multiple of
l-(pxog)-(loKog)=|{z—a,z—a) 7.
Therefore o(z) = C|(z — a,x — a)| =" with C > 0.
Next we treat the case (b):f(z) = aRB(S(x — a)) + b. Put h(z) = aRz + b and
g(z) = S(z—a). Then f(x) = (hoBog)(x). Since (h,1) and (g, 1) are transformations
which preserve the wave equation, ¢ is a constant multiple of

1-n
1-(ppog)-(loBog)=|[{v,S(x—a))
by Lemma 4.1. Therefore ¢(x) = C|(v, S(z — a))\l_Tn with C' > 0.
Finally, f(z) = aRx + b is the similarity. So ¢ is a positive constant. O
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