Hiiaisw & REDUCE 71 77 A

1 H

ity

(BM6LEI A BZHE)

Theory of Surfaces and REDUCE Program

Mitsuru YAMADA™

Abstract — A REDUCE program for the tensor calculation in Riemannian geometry is proposed.

It is examined for the simplest nontrivial case of a two-dimensional manifold, i.e. a surface in three-

dimensional Euclidian space. The program will remain useful for the calculation of curvature tensors in

general relativity.
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>>CREATE F(SYSIN) DS(¥A) LIST 00000001
OFF TIME¥ ON GCD;LINELENGTH(78); 00000002
MATRIX GDD,GUU; 00000003

73K KK K K SRR KK K SR K S KK K K K K K K KK KK KKK KKK KK K KO KK KRR K KSR KKK KKK KK R R KRR R KKK KKK K ¥ 00000004
ZREREKKKKKK KKK  RIEMANNIAN GEOMETRY OF N DIMENSIONS  X¥KKKKIKKKKKKKKKKKK¥00000005
YR ACK K KKK KRR KRR KKK AR HORHK KRR HORACK KRR AR A HORKKACK K HORAKCK KKK KR KRR IR KR KKK KK KKK X ¥00000006

N:=2¥% 00000007
%X K F KKK KA KKAR KK IO KA KKKKKK KKK 2-DIMENSIONAL TORUS XXXKKKKKAKKKKKKE00000008
GDD:= MAT( ( A%%2 , 0 ),(0 , ( AX(SIN X1) + B )»x%2 ) ¥ 00000009
63 3K KK KKK KK K K KK 3K KK KK KKK KKK K KRR R RRHOR KR KK KK KK KKK KKK K KOKK K KKK KKK K KKK 5 00000010
GDET:=DET(GDD)¥ 00000011
GUU:=1/GDD¥ 00000012
ARRAY GDDD (N—1,N=~1,N-1), KDDU(N=1,N=1.N=1), KDDD(N—1,N=1,N=1), 00000013
DKDDDU(N=1,N~1,N-1,N=-1), KKDDDU(N-1,N~1,N-1,N-1), 00000014
RDDDU(N=1,N=1,N=1,N=1), RDDDD (N=1,N~1,N=1,N~1) ,RDD(N—~1,N~1), 00000015
RDU(N-1,N~-1) ; 00000016

KKK KKKFCKK KRR KKK AORRK KRRk DIFFERENTIATION (1) XKRKKKKKKKKXKKKK¥00000017
FOR I:=0:N-1 DO FOR J:=0:N-1 DO 00000018
BEGIN; 00000019
GDDD(O0,1,d):= DF(GDD(I+1,J+1),X1); 00000020
GDDD(1,1I,J):= DF(GDD(I+1,J+1),X2); 00000021

END; 00000022
SR KKK KKK KKK KKK KKK KKK KKK K KKK KA KKK KKK KA AKK K AR KK AR KKK AR KKK KKK KK KKK ; 00000023
FOR I:=0:N-1 DO FOR J:=0:N—-1 DO FOR K:=0:N-1 DO 00000024
KDDD(I,J,K):= (GDDD(I,J,K)+GDDD(J,K,I)=GDDD(K,I,d)>)/2; 00000025
CLEAR GDDD; 00000026
ZRKKKRKFKKKKEKRKAIKKRKKKKKKKKKKKKKRK  CHRISTOFFEL SYMBOLS  RXKKKKEKKAKKKKEOCO00027
FOR I:=0:N—-1 DO FOR J:=0:N-1 DO FOR K:=0:N-1 DO 00000028
KDDU(I,J,K):=FOR P:=0:N—1 SUM KDDD(I,J,P)XGUU(P+1,K+1); 00000029
CLEAR KDDD; 00000030
LRKKKKAKKKKKKKKKKKKKKIKKKKKKKRKKKKK  DIFFERENTIATION(2)  RRKKIKKKKKKKKKKEOO000031
FOR I:=0:N—1 DO FOR J:=0:N—-1 DO FOR K:=0:N-1 DO 00000032
BEGIN; 00000033
DKDDDU(O,I,Jd,K):= DF(KDDU(I,J,K),X1); 00000034
DKDDDU(1,1.,J,K) = DF(KDDU(I,J ,K),X2); 00000035

END; 00000036
LKK KK KA KKK KK I KKK KKK KKK KKK KK KKKAKKKIKRK KKK KKK KKK KKK KKK KR KK KKK KKK KKK KK ; 00000037
FOR I:=0:N-1 DO FOR J:=0:N—1 DO FOR K:=0:N-1 DO FOR L:=0:N-1 DO 00000038
KKDDDU(I,J,K,L):=FOR P:=0:N=1 SUM KDDU(I,P,L)%KDDU(J,K,P); 00000039
LAERKKKKRKKKKKKRKKKKKKI KRR KkRk)X WRITING THE CHRISTOFFEL SYMBOLS  )¥kkXkXX¥%k¥00000040
FOR K:=0:N-1 DO FOR I:=0:N~1 DO FOR J:=I:N-1 DO 00000041
WRITE "KDDU(™, I+1, ",", J+1, ";i", K+1, ") = *,KDDU(I,J,K) H 00000042
CLEAR KDDU; 00000043
KKK KA KKKKKKKKKKKRKKFKKKKKKKKKKKKKEKK  CURVATURE TENSORS  HKXKKKEKKKKKX¥00000044
FOR I:=0:N-1 DO FOR J:=0:N-1 DO FOR K:=0:N-1 DO FOR L:=0:N-1 DO 00000045
RDDDU(I,J,K,L):= DKDDDU(I,J,K,L)=-DKDDDU(J,I K, L) 00000046
+KKDDDU(I,J,K,L)—-KKDDDU(J,I ,K,L); 00000047

CLEAR DKDDDU,KKDDDU; 00000048
FOR 1:=0:N—-1 DO FOR J:=0:N-1 DO FOR K:=0:N-1 DO FOR L:=0:N-1 DO 00000049
RDDDD(I,J,K,L) :=FOR P:=0:N—1 SUM RDDDU(I,J,K,P)*XGDD(P+1,L+1); 00000050
LR KKK KKK IKK KR KKK KKK KKK KKIORKKKKKkkkKkkkKk REPLACEMENT OF VARIABLES XX%X%X¥00000051
LET X1=THETA, X2=PHI; 00000052

%50 3K K K 3K K KK KK KK 3K KK K 3K oK K SR KKK KKK SR SKK KKK KK AR OK KKK KRR KRR KKK KK KKK KK KKK 5 00000053
GDD; GDET; GUU; 00000054
LKIKKKERKKKKKKKKKKKKKKKRKKKKKKKRRX  WRITING THE CURVATURE TENSOR XXX¥XXK¥00000055
FOR I1:=0:N-~2 DO FOR J:=I+1:N-1 DO 00000056
BEGIN; 00000057
FOR L:=J:N-1 DO WRITE “RDDDD(", 00000058

I4+1,", ", d+1,", 0, T+, "L+, ") = »,RDDDD(I,J,I,L); 00000059

FOR K:=I+1:N-2 DO FOR L:=K+1:N-1 DO WRITE "RDDDD(", 00000060
41,1, ", K+, L+, ") = ",RDDDD(I,J,K,L) 00000061

END; 00000062
CLEAR RDDDD; 00000063
FOR I:=0:N—1 DO FOR J:=0:N-1 DO 00000064
RDD(I,J) :=FOR P:=0:N-1 SUM RDDDU(P,I,dJ,P); 00000065

Lk KK KKAKK KKK EKRKKIOKKKK KKK KKK KK kkkk  WRITING RICCI'S TENSOR  #XKXKXAKKKKKK¥00000066
FOR I:=0:N-1 DO FOR J:=I:N-1 DO 00000067
WRITE “RDD(",I+1,",",Jd+1, ") = ",RDD(I,J); 00000068

FOR I:=0:N-1 DO FOR J:=0:N-1 DO 00000069
RDU(I,J) i=FOR P:=0:N—1 SUM RDD(I.,P)XGUU(P+1,J+1); 00000070

SRR KE KR AR KKK AR KKK KKK KRRk THE SCALAR CURVATURE  KXKKKKKXKKKKX¥00000071
RO:=FOR P:=0:N-1 SUM RDU(P,P); 00000072
CLEAR RDD; 00000073
FHKKKKRKKKKKKKRRKRKKIORKKKKRKRKARK  GAUSS' TOTAL CURVATURE kkkkiokkkkkk¥00000074
KO:= RO/ (NX(N=1)); 00000075
END; 00000076
>x 00000077

Fig. 1 REDUCE program for two-dimensional
torus.

205



206 Bk THMPIREH B34%  (1986)
>>REDUCE3 00000001
00000002
KDDU(1,131) = O 00000003
00000004
KDDU(1,251) = © 00000005
00000006
KDDU(2,251) = ( — COS(X1)X(SIN(X1)XA + B))/A 00000007
00000008
KDDU(1,132) = O 00000009
00000010
KDDU(1,2;2) = (COS(X1)XA)/(SIN(X1)XA + B) 00000011
00000012
KDDU(2,2;2) = O 00000013
00000014
FKKKKKK KK KKK KK AA AR KRR AR AR RRROR KRR KKK KK KKK KOO HOROROROKKKOk Kk k3 00000015
GDET; 00000016
00000017
2 2 2 00000018
A X(SIN(THETA) %A + 2%SIN(THETA)XAXB + B ) 00000019
00000020
00000021
GUU; 00000022
2 00000023
MAT(1,1) = 1/A 00000024
00000025
MAT(1,2) = ©O 00000026
00000027
MAT(2,1) = O 00000028
2 2 2 00000029
MAT(2,2) = 1/(SINC(THETA) XA + 2XSIN(THETA)XAXB + B ) 00000030
00000031
ZHERKKKA KKK KKAOEKKIORKRRIOKRKKRK%X  WRITING THE CURVATURE TENSOR XXXXKX¥00000032
' 00000033
RDDDD(1,2,1,2) = = (SINC(THETA)*A)X(SIN(THETA)XA + B) 00000034
00000035
SRKKKKAK KK IOKRRRIKKIORARAROOKK AKX KKK WRITING RICCI'S TENSOR RKKKXKKKKKK¥00000036
00000037
RDD(1,1) = (SIN(THETA)XA)/(SIN(THETA)¥A + B) 00000038
00000039
RDD(1,2) = O 00000040
00000041
RDD(2,2) = (SIN(THETA)X(SIN(THETA)Y%A + B))/A 00000042
00000043
FRKKAKKKIKKKRKKKKKKKRKKKKKRKKKK KKK THE SCALAR CURVATURE  HXHKKICKKARKKK¥00000044
00000045
RO := (2%SIN(THETA))/(AX(SIN(THETA)XA + B)) 00000046
00000047
HRRKKKKKKKKKRKKKKRRKKKKORKKKKK KKK GAUSS' TOTAL CURVATURE KKKKKKKKKKKK¥O0000048
00000049
KO = SIN(THETA)/(AX(SIN(THETA)XA + B)) 00000050
00000051
END; 00000052

Fig. 2 Result of the computation.
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Table 1 Variables and their meaning.
Type Variable Meaning
Scalar | GDET g=det (g;)
RO R=R,?
KO K
Matrix | GDD (¢, ) 9ij
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