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Abstract

Let R™ be the n-dimensional Euclidean space. In this paper we consider the com-
mutators [b, T'] and [b, I,], where T is a Calderén-Zygmund operator, I, is a gen-
eralized fractional integral operator and b is a function in generalized Campanato

spaces L1?)(R") with variable growth condition. We give necessary and sufficient

conditions for the boundedness and compactness of the commutators on generalized

Morrey spaces with variable growth condition.
It is well known that 7'is bounded on LP(R") (1 < p < oo). Coifman, Rochberg

and Weiss (1976) proved that, for b € BMO(R"), the commutator [b, T'| = 0T — T'b is
also bounded on LP(R") (1 < p < 00), that is,

116, T1fllo= 16T f = T (0| 2o < Cllbl[Brs0l] f 1|,

where C'is a positive constant independent of b and f. They also gave a necessary
condition for the boundedness, that is, [b, T'] is bounded on LP(R™) if and only if b €
BMO(R™). For the fractional integral operator /,, Chanillo (1982) gave a necessary
and sufficient condition for the LP-L? boundedness of [b, I,]. These results were
extended to Morrey spaces by Di Fazio and Ragusa (1991).

On the other hand, Uchiyama (1978) gave a necessary and sufficient condition for
the compactness of commutator [b, T'] on LP(R™). Namely, he proved that [b, T'| is
compact on LP(R™) if and only if b € CMO(R"), where CMO(R") is the closure of

C2 _(R™) in BMO(R"). This result was extended to Morrey spaces by Sawano and

comp

Shirai (2008) and Chen, Ding and Wang (2009, 2012).
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In this paper we further extend all above resuts to generalized Morrey spaces
with variable growth condition, by using Calderén-Zygmund operators T', general-
ized fractional integral operators I, and functions b € L9 (R") generalized Cam-
panato spaces with variable growth condition.

To prove the boundedness we show the norm estimates for the sharp maxi-
mal operators and the pointwise estimates for the sharp maximal operators of the
commutators by the generalized fractional maximal operators. Then we use the
boundedness of the generalized fractional maximal operators. Moreover, To prove
the compactness we give relations between generalized Morrey spaces with vari-
able growth condition and Musielak-Orlicz spaces. Then we give a criterion for
the compactness of integral operators on generalized Morrey spaces with variable
growth condition. We also extend the charactarization of CMO(R™) to the clo-
sure of C2° (R") in £L19)(R™) generalized Campanato spaces with variable growth

comp

condition.
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BMO(R") % A5 EAIREIBI D2/ & 3 5. Coifman, Rochberg and Weiss (1976) &,
b € BMO(R™) (ZXf LT, KT [b,T] = bT —Tb H LP(R") (1 < p < 00) EDHR
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